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ABSTRACT 

This article investigates the flow of an electrically conducting and chemically reactive Jeffery nanofluid confined in a 

two-dimensional permeable stretching sheet in a porous medium. The mathematical model developed for the flow is 

influenced by nonlinear thermal radiation, viscous dissipation coupled with non-uniform heat source, activation energy 

and entropy analysis. Similarity transformation variables are used to translate the nonlinear partial differential equations 

to ordinary differential equations and then solved via Runge-Kutta-Fehlberg algorithm associated with shooting 

technique. The significant contributions of the emerging physical parameters are graphically and tabularly discussed 

while the computational values of selected parameters agree perfectly with earlier published studies in the limiting 

conditions. The current study shows that the velocity profiles advances with an uplift in the Deborah number and 

stretching parameter while the heat transfer improves with a hike in the surface convection term. More so, the entropy 

generation rises with frictional heating and magnetic parameters while it depletes with a boost in the thermophoresis 

term. More so, heat transfer improves with velocity ratio term, radiation and Prandtl numbers as the thermophoresis 

influence raises the nanoparticles concentration field. 
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1.            INTRODUCTION 

The studies of non-Newtonian fluids have become a sought-after and popular research field for the scientists, engineers 

and researchers in the recent times due to unparalleled and unquantifiable applications derivable from such 

investigations. Common applications are often found in engineering and manufacturing processes, such as in food 

processing, polymer, plastics and textiles manufacturing, oil drilling, etc. (Madhu and Kishan, 2015). Due to complexity 

in the properties of non-Newtonian fluids, it is quite difficult to describe the characteristics features of the non-

Newtonian fluids in a single constitutive model. In view of this, there are several non-Newtonian fluid models formulated 

to capture various fluid attributes, such models include the Jeffrey fluids, Maxwell fluid, Williamson fluids, Eyring-

Powell fluids, etc. (Dalir et al., 2015; Ramesh, 2018, Shah et al., 2020). Jeffery fluids exhibits the features of the 

viscoelastic type with the properties of relaxation and retardation times.  

Conventional base fluids such as water, oil, ethanol glycol, etc. have been found to be of low thermal conductivity and 

thus offer low heat transfer rates. A new class of heat transfer fluid originated by Choi and Eastman (1995) is known as 

nanofluid. Nanofluid describes the suspension of nanometer particles in base fluids for an improved thermal conductivity 

in comparison to the traditional fluids. With such composition, there is an improved thermal conductivity as well as heat 

transfer required in various engineering and manufacturing devices such as in pharmaceutical industries, transportation 

industries, cooling of engines and vehicles, refrigerator, chiller (see Prasannakumara et al., 2017; Ibrahim and Gamachu, 

2019; Fatunmbi and Adeshina, 2020). The investigations of boundary layer flows induced by stretching sheet offer 

significant engineering and industrial usage such as encountered in extrusion metal and plastics, wire drawing, crystal 

growing, textile and paper production, etc. (Akinbobola and Okoya, 2015; Fatunmbi and Adeniyan, 2018; Fatunmbi and 
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Okoya, 2020). The pioneering work was conducted by Crane (1970) while extended versions of such a study on different 

configurations and boundary conditions have been widely analyzed by various researchers. Nadeem et al. (2011), 

Shateyi and Gerald (2018), Fatunmbi and Okoya (2020). 

Many of the aforementioned investigators have restricted themselves to the analysis of thermodynamics first law whereas 

entropy generations derivable from the thermodynamic second law is crucial in measuring the level of disorderliness or 

chaos in a thermodynamical system. The extent of energy decay that occurs in a thermodynamical system can be 

measured by entropy analysis, thus to optimize the available energy in thermal engineering devices, the factors aiding 

the destruction of energy must be identified and minimized. Besides, the processes of heating and cooling occur 

frequently in many engineering and manufacturing processes and in such cases, the development of thermal engineering 

appliances becomes crucial. For such gadgets to perform optimally, the minimization of entropy production becomes 

essential (Bejan, 1982,1986; Salawu and Fatunmbi, 2017; Pal et al. 2019)).   

In view of the literature analysis above, the current study therefore is embarked upon to investigate the flow of a reactive 

Jeffery nanofluid over a stretching sheet in a confined porous medium with entropy generation analysis, nonlinear 

thermal radiation, activation energy and in the neighborhoud of a stagnation point. These are crucial parameters of 

engineering and industrial usefulness which have been ignored by the previous authors that have been incorporated in 

the current study.  

1. PROBLEM FORMULATION AND MODELLING 

As depicted in Fig. 1, the flow is assumed to be two-dimensional, incompressible and steady with (𝑥, 𝑦) as the coordinate 

system. The flow is towards 𝑥 axis while 𝑦 axis is perpendicular to it. The hydromagnetic Jeffery nanofluid flows along 

a permeable stretchable sheet in the neighbourhood of a stagnation point.  

 

 Fig. 1 Flow Geometry  

Two equal but opposite forces are imposed parallel to the stretching axis so that the sheet is stretched with the origin 

being fixed at 𝑦 = 0 and the fluid pervades the region 𝑦 ≥ 0 At the stretching sheet, the velocity is 𝑈𝑠 whereas at the 

upstream it takes the form 𝑢 → 𝑈𝑒. An externally applied uniform magnetic field 𝐵(𝑥) = 𝐵0 is directed normal to axis 

of flow and without considering the impact of the induced magnetic due to sufficiently low Reynolds number. The sheet 

temperature is aided through a convective heating mechanism from a hot fluid with a temperature 𝑇𝑓. The thermal field 

features Joule heating, non-uniform heat source/sink, viscous and Darcy dissipation together with nonlinear thermal 

radiation coupled with thermophoresis and Brownian diffusion effects whereas the nanoparticle concentration field is 

developed with the influence of chemical reaction and activation energy. 

With the stated assumptions and using the usual boundary approximations, the governing transport equations for the 

problem under consideration are listed below. 

   (1) 
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   (2) 

 where  

  (3) 

 Hence, Eq. (2) yields  

 

  (5) 

   (6) 

 The governing equations are accompanied with the following boundary conditions:  

 (7) 

 The term 𝑞′′′ in Eq. (5) describes the non-uniform heat source/sink expressed as  

  (8) 

In Eqs (1-8), 𝑢, 𝑣. Are the velocity components in 𝑥, 𝑦 directions respectively. Also, 𝜈, 𝜇, 𝜌, 𝛼, 𝑘, 𝐷𝐵 , 𝐷𝑇 , 𝑇, 𝐶, 𝑄/𝑄⋆. 

respectively denotes kinematic viscosity, dynamic viscosity, density, relaxation time, thermal conductivity, Brownian 

diffusion coefficient, Thermophoretic diffusion, temperature, concentration, space dependent/temperature heat source. 

Similarly, 𝑇𝑓 , 𝑘⋆, 𝐸0, 𝑏, ℎ𝑡 , 𝐶𝑓 , 𝜎⋆, 𝛿, 𝛽, 𝐾⋆, ℎ𝑚 and 𝜏 orderly denote surface temperature, mean absorption coefficient, 

activation energy, stretching constant, coefficient of heat transfer, surface concentration, Stefan-Boltzmann constant, 

Boltzmann constant,, ratio of relaxation to retardation time, permeability of the porous medium, mass transfer 

coefficient, ratio of nanoparticle heat capacity to heat capacity of the fluid. 

2.1   The Entropy Generation Equation 

 The volumetric rate of entropy generation for the nonlinear radiative, dissipative and electrically conducting Jeffery 

nanofluid is developed via the second law of thermodynamics as (see Fatunmbi and Adeniyan, 2020). 

  (9) 
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 The quantities in Eq. (10) are substituted into the governing equations to obtain the ordinary differential equations (11-

13)  

  (10) 

 
  (11) 

  (12)  

  (13) 

 The transformed boundary conditions are:  

  (14) 

 The dimensionless entropy generation also becomes  

  (15) 

 Where 𝑁𝐺 =
𝑆𝐺

𝐸′′′
  is the entropy number and 𝐸′′′ defines the characteristic entropy generation and 𝑆𝐺 .is the 

entropy generation. In Eq. (15), the entropy generation is as a result of heat transfer (HT), fluid friction and 

magnetic/Ohmic heating (FFM) and diffusion/mass transfer effects (DIR). These sources are respectively indicated by 

the first, second and third terms of the RHS of Eq. (15). Furthermore, the significant input of each of these sources is 

measured by the Bejan number 𝐵𝑒. This parameter describes the ratio of entropy generation as a result of heat and 

mass transfer to the entropy generation number 

 . 𝐵𝑒 =
𝐻𝑇+𝐷𝐼𝑅

𝑁𝐺
=

𝐻𝑇+𝐷𝐼𝑅

𝐻𝑇+𝐹𝐹𝑀+𝐷𝐼𝑅
. (16)  
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 (17) 

Where the terms in Eq. (17) are orderly described as temperature ratio parameter, Prandtl number , magnetic field , 

suction, Deborah number, Eckert number, Schmidt, chemical reaction, activation energy, Biot number, Brownian 

motion, thermophoresis term, velocity ratio term, mass Biot number, concentration relative term, Reynolds number, 

Darcy number, entropy number. 
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 Furthermore, the skin friction coefficient 𝐶𝑓𝑥, the Nusselt number 𝑁𝑢𝑥 and the Sherwood number 𝑆ℎ𝑥 which are 

quantities of engineering interest are orderly presented as:  

  (18) 

 with 𝜏𝑤 , 𝑞𝑤,  and 𝑞𝑤 describing the shear stress, surface heat and mass flux in that order. Also,  

  (19) 

 in view of equations (10) and (19), the quantities in (18) respectively becomes (19-21)  

  (19) 

   (20) 

   (21) 

2.2             Method Of Solution And Validation 

Due to high nonlinearity of the system of the boundary value equations (11-14), a numerical technique via Runge-Kutta-

Fehlberg method associated with shooting technique has been adopted for the solution. The details of this technique can 

be found in Fatunmbi and Okoya (2020), Xu and Lee (2013). The impact of the emerging parameters on the various 

dimensionless quantities, viz: velocity, temperature, concentration, skin friction coefficient, Nusselt and Sherwood 

numbers as well as entropy number and Bejan number are analyzed. A comparative analysis of (−𝜃′(0)) and −𝜙′(0)) 

for variations in 𝑁𝑡 and 𝑁𝑏 with earlier published results of Dalair et al.(2015) and Khan & Pop (2010) is analyzed in 

Table 1 which validate our numerical code. The underlisted are parametric values used unless differently mentioned in 

specific figures. 𝐹𝑤 = 𝑅 = 0.5, 𝐴 = 𝐸𝑐 = 𝑄 = 𝑄⋆ = 𝜁 = 𝑁𝑏 = 𝑁𝑡 = 𝛾1 = 0.1, 𝛽 = 𝑀 = 0.2, 𝐸 = 𝑛 = 𝐺1 = 𝐺2 =

0.5, 𝑃𝑟 = 7.0, 𝑆𝑐 = 1.0, 𝜃𝑟 = 1.3. 

Table 1: Computed values of −𝜃′(0) when 𝑃𝑟 = 𝑆𝑐 = 10, 𝐺1 = 𝐺2 → ∞. 

  Dalir et 

al.(2015) 

 Khan & Pop (2010)  Present  Dalir et al.(2015) Khan & Pop 

(2010) 

 Present  

                

   0.95238   0.9524   0.95238   0.25213   0.2522   0.25216  

   0.52008   0.5201   0.52008   0.13549   0.1255   0.13551  

   0.32105   0.3210   0.32106   0.08328   0.0833   0.08330  

 

3. RESULTS ANALYSIS AND DISCUSSION 

The significant contributions of the emerging parameters on the dimensionless quantities are graphically depicted and 

deliberated in this section. Figure 2a is a sketch showing the combined impacts of the temperature excess ratio 𝜃𝑟 and 

the Brownian diffusion parameter 𝑁𝑏 on the temperature field. As expected, the temperature profile advances with rising 

values of 𝜃𝑟. At the same time, the influence of 𝑁𝑏 is to thicken the thermal boundary layer and thus leading to a rise in 

the surface temperature particularly near the stretching sheet. In the existence of Eckert number 𝐸𝑐, the thermal field is 

strengthened as graphically described in Fig. 2b. In a related sense, the space dependent heat source 𝑄 promotes thermal 
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acceleration due to an additional heat supplied into the flow region. Fig. 2c. is a plot of the thermal field against 𝜂 for 

different values of temperature-dependent heat source 𝑄⋆ in the presence of the surface convection term 𝐺1. It is 

noticeable that the temperature profile uplifts with a rise in 𝑄⋆. Such an observation is also noticed for a rise in 𝐺1 due 

to the fact that convective heating advances with higher thermal Biot number 𝐺1. 

 

Fig. 2 Temperature profiles for variation in (a) 𝜃𝑟 and 𝑁𝑏 (b) 𝐸𝑐 and 𝑄 (c) 𝑄⋆ and 𝐺1. 

 

Fig. 3 Concentration field for variations in (a) 𝑁𝑡 and 𝑁𝑏 (b) 𝐸 and 𝐸𝑐 (c) 𝐺2 and 𝑆𝑐. 

Figure 3a depicts that the nanoparticle concentration is raised as the thermophoresis term 𝑁𝑡 grows in magnitude whereas 

an opposite trend is observed with an increase in 𝑁𝑡. A rise in 𝑁𝑏 dampen the nanoparticle concentration boundary layer 

thickness and propels the downfall of the nanoparticle volume fraction. In Fig. 3b, an increase in the activation energy 

𝐸 facilitates the growth of the Jeffrey fluid nanoparticle concentration profile. From Fig. 3c, it clearly shown that the 

nanoparticles concentration structure uplifts with the higher values of mass Biot number 𝐺2 such behaviour emanated 

from the fact as 𝐺2 is proportional to ℎ2 which defines the nano particle concentration coefficient, thus, a growth in ℎ2 

enables an advancement in the nanoparticle concentration profile. On the other hand, The influence of Schmidt number 

𝑆𝑐 is to diminish the nanoparticle volume fraction. 
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  Fig. 4 (a) Skin friction 𝐶𝑓𝑥 versus 𝑀 for variation in 𝐴 and 𝜁 (b) 𝐶𝑓𝑥 versus 𝐹𝑤 for variations in 𝛽 and 𝐷𝑎. 

Fig. 4a informs that 𝐶𝑓𝑥 improves with a rise in the stretching parameter 𝐴 for any value of 𝑀. This trend occurs due to 

the fact that the free stream velocity moves faster than the stretching velocity with a rise in 𝐴 such that additional friction 

is created due to drag between the fluid and the sheet. Contrarily, a rise in the Deborah number 𝜁 reduces 𝐶𝑓𝑥 irrespective 

of any value of 𝑀 while 𝐶𝑓𝑥 is raises for lower values of 𝑀. It is to be pointed out that a growth in 𝜁 is an indication that 

the Jeffrey nano fluid viscosity is reduced while the fluid elasticity is enabled, in such a situation, the drag force is 

minimized on the sheet. The pattern in 𝐶𝑓𝑥 is enhanced when there is a rise in 𝛽 for both permeable and impermeable 

sheet and any value of 𝐹𝑤 as shown in Fig. 4b. The rise in 𝐶𝑓𝑥  in respect to 𝛽 is indicates that the fluid particles require 

more time to recover from a disturbed state to a stable state. 

 

 Fig. 5 (a) Nusselt number 𝑁𝑢𝑥 versus 𝑀 for changes in 𝐴 and 𝜁 (b) 𝑁𝑢𝑥 versus 𝑅𝑑 for changes in 𝐺1 and 𝑃𝑟. 

Figure 6a is constructed to show the impact of A,ζ and M on the heat transfer. It is clear from this figure that a growth 

in the stretching parameter A as well as Deborah number ζ favours the heat transfer rates whereas higher values of the 

magnetic field term M slow down rate of heat transfer. From Fig. 6b, it conspicuously seen that rising values Pr, thermal 

Biot number G_1 as well as radiation term Rd energizes heat transfer at the surface. The entropy generation number 𝑁𝐺 

is increasing due to a rise in the Darcy 𝐷𝑎 and magnetic field term 𝑀 as revealed in Fig. 6a. Both 𝐷𝑎 and 𝑀 have been 

found to lower the fluid flow thereby create more friction in the boundary layer which can be attributed to a growth in 

𝑁𝐺. Conversely, with higher values of 𝐴, there is significant reduction in 𝑁𝐺. Likewise, Fig. 6b shows that 𝑁𝐺 is a rising 

function of nanoparticles diffusion parameter 𝛾2 and volume fraction concentration relative term 𝜙𝑤. More so, it is 

evident from Fig. 6c that 𝑁𝐺 is enhanced for higher values of 𝛽 whereas it declines with a rise in 𝜁 
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   Fig. 6 Entropy number versus 𝑀 for variations in (a) 𝐴 & 𝐷𝑎 (b) 𝜙𝑤 & 𝛾2 (c) 𝛽 & 𝜁. 

Figure 6 (a-c) describe the plots of Bejan number 𝐵𝑒 against the magnetic field parameter 𝑀 for different values of 

𝐷𝑎, 𝐴, 𝜙𝑤 , 𝛾2, 𝛽 and 𝜁. Clearly, from Fig. 6a, growing values of 𝐷𝑎 lowers 𝐵𝑒 for any value of 𝑀, this implies that 

irreversibility due to fluid friction and magnetic field/Ohmic heating is stronger than that of heat and mass transfer 

irreversibilities. However, higher values of 𝐴 shows an opposite behaviour to this fact as noted in this figure. 

Furthermore, it is pointed out from Fig. 6b that entropy production resulting from heat and mass transfer takes 

preeminence due to an advancement in 𝐵𝑒 as 𝜙𝑤 and 𝛾2 increase for any value of 𝑀. A similar response is occurs with 

a rise in the Deborah number 𝜁 as depicted in Fig. 6c. 

 

  Fig. 7 Bejan number versus 𝑀 for variation in (a) 𝐴 & 𝐷𝑎 (b) 𝜙𝑤 & 𝛾2 (c) 𝛽 & 𝜁.  
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Fig. 8 Entropy number versus radiation term 𝑅𝑑 for variations in (a) 𝑁𝑡 & 𝑁𝑏 (b) Pr & 𝐸𝑐   (c) 𝛾1 & 𝑆𝑐. 

Figure 8 (a-c) depict the impact of 𝑁𝑡, 𝑁𝑏, 𝑃𝑟, 𝐸𝑐, 𝛾1 and 𝑆𝑐 on entropy generation number 𝑁𝐺. A rise in 𝑁𝑡 significantly 

reduces  𝑁𝐺 as shown in Fig. 10a whereas  𝑁𝐺 is energized with higher values of 𝑁𝑏. From Fig. 8b, it is noticeable that 

both 𝑃𝑟 and 𝐸𝑐 prompted an advancement in  𝑁𝐺 irrespective of the value of radiation parameter 𝑅𝑑. Fig 8c reveals that 

the entropy number  𝑁𝐺 is significantly enhanced with higher values of 𝑆𝑐 as well as 𝛾1.. 

5.        CONCLUSION 

The transport of an electrically conducting Jeffrey nanofluid over a permeable stretching sheet in a saturated porous 

medium with entropy generation analysis has been numerically analyzed in this study. The flow is induced by the 

stretching sheet in the neighborhoud of a stagnation-point under the influence of nonlinear thermal radiation, chemical 

reaction associated with activation energy and convective heat and mass flux boundary conditions. The outlining 

equations have been numerically solved using Runge-Kutta-Fehlberg alongside shooting technique. The results have 

been validated with published works in the limiting scenarios and found to be strongly related. From the analysis, the 

following crucial points have been deduced:   

• The skin friction coefficient 𝐶𝑓𝑥 is strengthened for higher values of the ratio of relaxation to retardation times 𝛽 for 

both suction/injection term. Likewise, 𝐶𝑓𝑥 uplifts for growth in the stretching parameter 𝐴 whereas the trend is reversed 

for higher values of the Deborah number 𝜁 and Darcy number 𝐷𝑎 irrespective of the value of 𝑀.  

• The entropy number 𝑁𝐺  is energized for rising values of 𝐷𝑎, 𝑀, 𝑃𝑟, 𝐸𝑐, 𝑆𝑐, nanoparticles diffusion parameter 𝛾2 and 

volume fraction concentration relative term 𝜙𝑤 whereas 𝑁𝐺 significantly depreciates for higher values 𝜁. 

 • The irreversibility due to fluid friction and magnetic field/Ohmic heating is stronger than that of heat and mass transfer 

irreversibility due to a decline in the Bejan number 𝐵𝑒 when 𝐷𝑎 advances, 𝛽, 𝑁𝑡, 𝐸𝑐, 𝑃𝑟 whereas the trend is changed 

for rising values of 𝐴, 𝜙𝑤, 𝑁𝑏, 𝛾1, 𝑆𝑐 and Deborah number 𝜁.  

• The Jeffrey nanofluid velocity field is a decreasing function of 𝛽, 𝑀 and 𝐷𝑎 whereas 𝜁 and 𝐴 strengthens the velocity 

field. Similarly, the temperature profile is raised for higher values of 𝜃𝑟, 𝐺1 𝑅𝑑 and 𝑄 while it falls for 𝑃𝑟 and 𝐹𝑤.  
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