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Abstract

Tiger stripes, leopard spots, angelfish stripes, patterns on a zebra, patterns in sunflower (Helianthus) etc.
are common patterns in real life. According to Alan Turing in 1952 [14], these patterns can be explained by
some reaction-diffusion equation corresponding to the system. Conditions for patterns in the competition-
diffusion equation in 1D are obtained in this paper.
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1 Introduction

Alan Turing in 1952 proposed that patterns observed in nature came as a result of interaction between two
chemicals (which he called morphogens) which diffuse at different rates. One acts as the activator while the
other acts as the inhibitor. This situation is possible if the system is stable in the absence of diffusion but
unstable in the presence of diffusion. Several works on this subject include [1, 3, 4, 5, 7, 8, 10, 11, 12].

The reaction diffusion equation in 1D is of the form

ou (W) + D 0%u (1.1)
ac - S+t Digs
v d*v (1.2)
Frin g, v) tD5

2 2
where f(u,v) and g(u,v) are the reaction parts,D; ZTZand Dy ZTzare the diffusion parts and Diand D;are the

diffusion coefficients. Equations (1.1) and (1.2) can be written in the matrix form as

w; = F(w) + Dw,,, (1.3)

w= ( ; ) F(w) = ( J;mg ) b= ( o 132 )andwm - %w' (14)

Turing mechanism has been justified for population dynamics and several authours have worked on it [2, 6, 9,
15]. The application of the Turing mechanism to competition model is considered in this paper. The
competition model is given as

with
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. ( T+ (1’12.1})
r=mr|l— ——
koo ), (1.5)
1 = asy (1 -4 +;5219?)
2 , (1.6)
. dx _ dg
where ¥ = @, U = 3. By introducing the non-dimensional quantities
t—avr o = kv, g = kav, o = a_g B = ()!121:"21 By — agky
a1 i\?l k‘g )
the 6-parameter system (1.5) and (1.6) becomes a 3-parameter non-dimensionalised system
du
— =u(l —u— 5v).
g~ (- u=hw), (1.7)
dv
L —av(l—v—"f
) (18)
Suppose (ug,vo) is a steady state of the non-dimensionalised competition system of equations and putting
fwv)=u(l-u-pw), and g (wv)=av(1-v-Pu), (1.9)
and
. of . d g 0
.fu:(;)_ !.)[E,‘:a_f -gu:a_j -..qi,':a_g
u (uo,vo0) v (uo,v0) u (up,vo) v (?1.0,1;0)’
the system is linearised to become
du 1.10
T= - ufut @, (10
dv 1.11
&= =g, + - v, -

which can be written in matrix form as
w, = Aw

and the characteristic equation is the quadratic equation obtained from

|A -2l = 0.
Using the Routh Hurwitz criteria [13], we therefore require for stability in the absence of diffusion that
Tr(4) = fut gv<0 (1.12)
det(A) = fugv=fgu>0. (1.13)

2 Diffusion-driven instability

We attempt to analyze the patterns formed from the competition-diffusion at the steady states. To start with,
we seek a solution of the system 1.3 to be of the form

w =" cpe Wy Wy = ( €08 ]i“l ) — wee = —kw,
2 where COs R and w;= Aw (2.1)

(andk = %is the wavenumber on the interval [0,r]) and we linearizeF(w) to get
F(w) = Aw.

With these, (1.3) becomes,
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Mo = Aw — k*Dw — (A — kD — /\I) w = U'

Since w # 0, then the whole problem simply reduces to the eigenvalue problem

G o)=(0 5)=2 D=0

/= (fu _gI:ZDl 9o —fj;czDz)

Let

then the characteristic equation is
A2-Tr(NA +det(J) =0

where
Tr(J) = fut gv=k* (D1 + D2)

and
det(J) = (fu—kD1) (90 — k*Dz2) — fugu,
- JDIJDQk"4 = k'z (quQ + Q‘le) + fng-u - fa:gu_

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

Since we want instability in the presence of diffusion, then by Routh Hurwitz criteria, we require that

Tr(]) = fu+ g»—k? (D1 + D2) >0

or
det(]) = DlDZk4 - kz(ﬁLDZ + gle) + fugv N fvgu <O0.

(2.8)

(2.9)

We require thatf, + g, < 0 from (1.12), and since -k% (D1 + D) <0, then Tr(J) = fu+ g»—k*(D1+ Dz) <0 and

consequently, condition (2.8) cannot hold. We are therefore left with
(2.9). Rewrite (2.9) as

h(m) = D1Dom? —(fuD2 + g.D1)m+ fugv—fugu, (m = k2). (2.10)
The minimum of h(m) occurs at the critical wavenumber k.
fuD2 + 9,0y (2.11)
= 2 =
m =k 2D,D, >0
= f,D, +g,D;1 >0 (2.12)
and we therefore require that
(f.D; + g,D1)? (2.13)
hmin = _W+ﬁigv _fvgu <0
(fuD; + g,D1)? (2.14)
fuGv = foGu < ~4aD.D,
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The conditions, therefore, for diffusion-driven instability are

futgy < 0, from (1.12) (2.15)
fugv—frGu > 0, from (1.13) (2.16)
fuD2 + gvD1 > 0, from (2.12) (2.17)
f‘ f}‘—f q < (f‘l.!D2+gt.'D1)2
e 4DyDy | from (2.14) (2.18)
Solving (2.10), we find that the unstable wavenumbers must fall between
. 1 . .
k2= ———( fuDo + goD1 — \/(fuD2 + guD1)* — AD1 Do (fuge — fogu) ) < k2
1= 50,0, (f 2 + gl \/(f 2+ guD1) 1D (fug fg))<
1 2 2
< .quQ + .(}'UDI + \/(.quZ + (}lDl) - 4DIJDQ (fu.g‘u - ff,'g‘u) - kz
2D1 D5 (2.19)
and
2 (2.20)
_ at __ (coskx
w = Z cpe™ W, wherelW, = (cos kx)

k=n1

where n is the least integer greater than ki and nz is the greatest integer smaller than k.

3 Analysis of the competition-diffusion equation

We obtain the competition-diffusion equation by putting the competition equation as the reaction part of the
reaction-diffusion equation. The model, therefore, is

ou d%u (3.1)
E=u(1—U—ﬁ1) +Dio3
v d%v (3.2)

E=av(1—v—ﬁ2u)+D2W

It is easy to see that there are two steady states for the competition model which are (0,0) and

1-81  1—fs )
(1‘51‘52 " 1=/172 / This model is useful in studying the pattern that occurs in a market where there
are competition between two different products.

3.1 Impossible pattern at the origin

The origin corresponds to the state where none of the products is available in the market. If we consider the
steady state at the origin (0,0), we have

fi=1,£=0,0.~0, 9= a (3.3)
Putting (3.3) into equations (2.15) through (2.18), we require that

1+a<0, a>0 (3.4)
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(DZ + aD1)2 (35)
DZ + aDl > 0, TlDZ

Clearly, equation (3.4) cannot hold at the same time. Therefore, if the system starts from the origin (or
somewhere close to the origin), no pattern is formed. This is the situation experienced when two competing
products are not available in the market or only few pieces of each product are available in the market. There
is no pattern to expect since there are no product to sell or all the few products (from the two products) get
sold. This is just a trivial case.

( 1—5 1—f39 )
3.2 Patternat\l /B2’ 1-5if:
At this steady state, we have
1—5 1— 3

Up=—"F 0= 7T7"""%5 3
1— B2 1 — 512

Substituting f,,f,gwgvinto (2.15) through (2.18), we require that

fut gv=—Uo—-avo <0 = up+ avo >0 (3.6)
fugv=frgu= auovo(1 -p152) >0 (3.7)
fuD2+ gvD1=uoD2 + avoD1 <0 = ug+ avoeD <0 (3.8)
and
Do+ g, Dy )
.fugv y fugu. < (flz—%l)
4D, Do . (3.9)
Equation (3.9) implies
(uoD, + avyDy)? (3.10)
augvo(1 — f152) < 4D, D,

2uy up \? (3.11)
D?——(1-2 D (—) >0
b, ( B1B2)D + A
Remark 3.1D = g—; # 1, because otherwise inequality (3.8) becomes
Uo + avo <0 (3.12)
which contradicts (3.6).
The choice of the parameters f1and [, that will satisfy the four conditions are
. 1 ; ) 1
0< B <1, B2 > — < P <1, B> —
f1or0 a2
Consider when 101 = % B2= 3 50 that Condition 3.6 and 3.7 become
1 1
(—1)+4a>0=>a>zand a(—1)(4) (—E)>O=>a>0 (313)
so that
o > 1
4 (3.14)
Condition 3.8 becomes
1
—1)+4aD <0 = D < —
(=1) +da i (3.15)
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Condition 3.11 becomes

1 1
D?P—-D+——>0
o +16(r2>

which implies that
0<D<

2 — /i 2 :

V3 Do 2t V3

40 or doy (3.16)
Combining 3.15 and 3.16, we have

243
0< D
D P (3.17)
Thus, we have the range of values of @ and D as
1 2—-4/3  0.06699
— D ~
@z 4 and 0< = 4o «

and the unstable wavenumbers fall between

1
k= — (1 —4aD — /16a2D2 — 16aD + 1) < k?
2D,

1
<350 (1 — 4aD + \/16a2D% — 160D + 1) = K2.
1

4 Conclusion

1-51 1-5o
There are two steady states of the competition model and they are (0,0) and (1*-“’132’ 1=PB1p2 ) Our analysis
revealed that the system cannot exhibit any pattern if it starts from anywhere near the origin. But, for the
second steady state, patterns will occur if

1 1
0<Bi <1, o> <<l B>
A P 51 or 0 : b Bo
_ 1
So, with specific values ofﬁ1 — 2and f2= 3, we need
1 2—+/3  0.06699
o> - <D< v3 =

4and 0 dev o

and figures (4.1) below show the feasible region. The shaded regions are the regions where any choice of
B1, B>, a and D will produce a pattern and the pattern produced when ; = %, B> = 3,and @ = 1is shown in
figure (4.2) below

0<8, <1, f>+ 0<p, <1, B >+
120 : : : : 120

100 100 |

80 80 H

a0 40

20 20

Figure 4.1: Feasible region
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